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ASYMPTOTIC STABILITY OF SOLITONS FOR MKDV 


PIERRE GERMAIN, FABIO PUSATERI, AND FREDERIC ROUSSET 


Abstract. We prove a full asymptotic stability result for solitary wave solutions of the 
mKdV equation. We consider small perturbations of solitary waves with polynomial decay 
at infinity and prove that solutions of the Cauchy problem evolving from such data tend 
uniformly, on the real line, to another solitary wave as time goes to infinity. We describe 
precisely the asymptotics of the perturbation behind the solitary wave showing that it 
satisfies a nonlinearly modified scattering behavior. This latter part of our result relies on 
a precise study of the asymptotic behavior of small solutions of the mKdV equation. 
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1. Introduction 


This paper is concerned with the Cauchy problem for the focusing modihed Korteweg-de 
Vries (mKdV) equation 


dtu + d^u + dxiu^) = 0 

u{t = 0) = Uq 


(mKdV) 


for u = u{t,x) G M and {t,x) G M x M. This equation admits a family of solitary wave 
solutions of the form udt, x) = Qc{x — ct) with 

QM) = \/cQ(\/cO) Q{^) '■= v^/ cosh(s), c> 0. (1.1) 


Our aim in this paper is to revisit the proof of global existence and modihed scattering 
for (ImKdVll for small and localized initial data, and then extend it in order to obtain new 
asymptotic stability results for solitary wave solutions. 

Important conserved quantitie^ are the mass M, energy iL, and momentum P 

M = I V? dx H = I -Idxul"^ — dx, P = / udx. (1.2) 

Jr Jr 2 4 


Key words and phrases. mKdV, modified scattering, asymptotic stability, solitons. 
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^ As we will remark later, these are not needed to prove the small data result, which also applies to more 
general versions of (ImKdVll . 
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Moreover, we note that solutions of flmKdVj) enjoy the scaling symmetry 

u I —> Xu{X^t, Xx), 

which is generated by the vector held S' = 1 + xdx + 3tdt. 

1.1. Known resnlts. 

Global well-posedness and asymptotic behavior. There is a vast body of literature dealing 
with the mKdV equation, and in particular with the local and global well-posedness of the 
Cauchy problem. Without trying to be exhaustive, we mention the early works on the local 
and global well-posedness by Kenig-Ponce-Vega [22] and Kato [27]. Global well-posedness 
in low regularity spaces, and in particular in the energy space was established in the 
seminal work of Kenig-Ponce-Vega [32] • In this latter paper the authors considered the wider 
class of generalized KdV (gKdV) equations dtu -|- d^u + dxU^ = 0, p > 2, which includes 
fImKdVD and the KdV equation (p = 2). Sharp, up to the end-point, global well-posedness in 
for s > 1/4 was proved in the work of Colliander-Keel-Stafhlani-Takaoka-Tao [7], for both 
the focusing and defocusing mKdV equation on the line (and for s > 1/2 in the periodic 
case). These results are complemented by several ill-posedness results; see for example 
Christ-Colliander-Tao [6] and references therein]! 

Besides global regularity, another fundamental question for dispersive PDEs concerns the 
asymptotic behavior for large times. The hrst proof of global existence with a complete 
description of the asymptotic behavior of solutions of fImKdVD in the defocusing case, is due 
to Deift and Zhou [9], who used a steepest descent approach to oscillatory Riemann-Hilbert 
problems and the inverse scattering transform [52] [2] . In [9] , thanks to the complete inte- 
grability of the defocusing mKdV equation, the authors were able to treat suitably localized 
initial data with arbitrary size. A proof of global existence and a (partial) derivation of the 
asymptotic behavior for small localized solutions, without making use of complete integra- 
bility, was later given by Hayashi and Naumkin [TS] 112], following the ideas introduced in 
the context of the Id nonlinear Schrodinger (NTS) equation in [T7]. Recently, an alternative 
proof of the results in [T2], with a precise derivation of asymptotics and a proof of asymptotic 
completeness, was given by Harrop-Griffiths [IB], following the approach used for the Id NLS 
equation in [2T] . 

Our proof of global existence and asymptotic behavior - Theorem ll.il - relies on the intu¬ 
ition developed in [28] , where a very natural stationary phase argument is used to understand 
the large time behavior of small and localized solutions and derive asymptotic corrections. 
This approach was inspired by the space-time resonance method put forward in [T3lfTT] [15]. 
See section fTTBl below for a short explanation of these ideas in the present context. A simi¬ 
lar approach was also successfully employed in the proofs of global regularity and modihed 
scattering for 2d gravity [22] [231 El] and capillary [2B1 [2B] water waves, and in other higher 
dimensional dispersive models [28l Il8] . 

Stability of solitons. The study of the stability of solitons also has a long history, but here 
we will only address results which are closer in spirit to the present paper. The asymptotic 
stability in front of the solitoi]! was hrst obtained by Pego-Weinstein m for initial per¬ 
turbations of a soliton with exponential decay as x —)■ -|-oo. This result was then rehned 

^For more on the local and global well-posedness and ill-posedness of KdV and generalized KdV equations 
we refer to the books of Tao [32] and Linares-Ponce [33] . 

^Similarly to how it is stated in Theorem 13.II 












ASYMPTOTIC STABILITY OF SOLITONS FOR MKDV 


3 


by Mizumachi [13], who treated perturbations belonging to polynomially weighted spaces 
of sufficiently high order. For perturbations in the energy space dehnitive asymptotic 
stability results in front of the solitary wave have been obtained for the whole class of sub- 
critical gKdV equations in a series of papers by Martel-Merle [3S1 ESI EZj- We also mention 
[H] on the stability of KdV solitons, |S] on the s > — 1 stability of KdV solitons, 
[5S] on A^-soliton solutions of subcritical gKdV equations, and [ISl US] for a different ap¬ 
proach. For more on the asymptotic stability of solitons and multi-solitons for subcritical 
gKdV equations we refer the reader to the survey articles [511 EE] and references therein. 

In [l3] the author also obtained a full stability result for gKdV equations with a nonlin¬ 
earity of degree p G (3,5). More precisely, he showed that a solution that evolves from a 
small perturbation of a soliton will asymptotically resolve in a slightly differently modulated 
soliton, plus a radiation which behaves like a solution of the linear flow. Note that for the 
gKdV equation with quartic nonlinearity (p = 4), there are also scattering and asymptotic 
stability results in critical spaces rather than polynomially weighted ones, see [501 EE] • 

The results we present extend the above mentioned works by 

i) proving the (modified) scattering result for the radiation in the (critical) case of (lmKdV|) . 

ii) allowing a wider class of small perturbations belonging to weighted Sobolev spaces with 
weak polynomial decay at infinity. 


Because of the critical dispersive nature of the equation, in the case of fImKdVp the radiation 
does not behave linearly, but requires a nonlinear correction. See Theorem 11.51 and Remark 
11.61 for more details. The proof that we give below combines the virial approach of Martel- 
Merle [3S] and the weighted estimates of Pego-Weinstein mi, in the spirit of the recent work 
of Mizumachi-Tzvetkov [16] on the stability of solitons for KdV. 


1.2. Main results. Our hrst main result concerns the stability of the zero solution under 
small perturbations. 

Theorem 1.1 (Global Existence and Asymptotic Behavior). Let an initial data uq be given 
such that 


II (^)'^olli^i(R) ^ ^0- (1-3) 

There exists ^ > 0, such that for all Eq G (0,^] the Cauchy problem fImKdVD admits a 
unique global solution u G ^(M, if^(R)). This solution satisfies the decay estimates 

\u{t,x)\ <eor^^^{x/t^^^) \d:^u{t,x)\ <eot~‘^^^{x/t^^^)^^^. (1.4) 

Moreover, for t >1 the solution u has the following asymptotics: 

• In the region x > we have the improved decay 

Ht,x)\ < (1-5) 

• In the region |a;| < for some 7 > 0 sufficiently small, the solution is approximately 

self-similar: 


( 1 / 3 + 37/2 ’ 


( 1 . 6 ) 
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where (p is a bounded solution of the Painleve II equatioi^ 


P” ~ = 0 , 


(p{x) dx = / Uo{x)dx. 


In the region x < —the solution has a nonlinearly modified asymptotic behavior: 
there exists foo G Lf such that 


u{t, x) 




Mexp 


%'ir X 

+ Y + gl/oo(^o)plogt)/oo(^o) 


< 


^0 


tV3(_2:/tl/3)3/10 


. (1-7) 


where fo := ^—x/{?)t), and 3? denotes the real part. 


Remark 1.2. In the proof of Theorem II.11 above, the Hamiltonian structure of the equation, 
as well as the conservation of mass and energy, do not play any crucial role. For convenience 
we will work with flmKdVp . but it will be clear that all our results also apply to the defocusing 
mKdV equation dtu + d^u — dx{u^) = 0, and to other (not necessarily Hamiltonian) versions 
of the equation, such as 

dtu + d^u = a{t)dx{u^), ( 1 . 8 ) 

where |a(f)| < 1 , |a'(t)| < {t)~’^^^. 


Remark 1.3. In Theorem 11.11 we have decided to state the global existence and scattering 
result for initial data satisfying fll.3p . that is xuq E Rh However, in the proof we only 
make use of the assumption xuq E R", for some a close to, but less than, 1/2. We can 
therefore treat a larger class of initial data with respect to da IS]. Nevertheless, we have 
decided to state Theorem 11.11 assuming the stronger initial condition fll.dp . in order to make 
its application in the proof of Theorem 11.51 below more convenient. 


Remark 1.4. We chose to characterize the modihed asymptotic behavior of u fll.7l) in L°°, 
but statements analogous to fll.5p - fll.7l) can be obtained for L^-type norms. 


Our second main result is a strong asymptotic stability result for soliton solutions, under 
small perturbations belonging to a weak algebraically weighted space. 

Theorem 1.5 (Full Asymptotic Stability of Solitons). Assume that 

uo{x) = Qcoix) + vo{x), (1-9) 

for some Cq > 0, with 

+ ||(x+)”^'Uo|Ihi(r) < ^0, (1-10) 

for some m > 3/2. Then, for Eq sufficiently small, there exists a unique solution u E 
C{M., of flmKdVD and a continuous function C{-) with 0(0) = 0, such that for some 

c+ > 0 and x+ with 

|c+- Col + |x+| < 0(50), (1-11) 

^The smallness of / ip{x) dx guarantees the existence and uniqueness of a bounded solution to the Painleve 
II equation. Its asymptotics are as follows: y(0 3^/® Ai(3^/^0 ^ as ^ oo, while (p{^) ^ 

^^^Yjidcos + f + as ^ —oo, where d and 9 are constants depending on 

/ p{x) dx. We refer to [2^ and [10] for this and much more on Painleve II. Note that our proof will actually 
provide the existence of a bounded solution of the Painleve equation. 
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we have 


u{t,x)-Qc+{x-c+t-x+)-R{t,x)\<C{eo){t) ^ (1.12) 


where: 

• The radiation R verifies the decay estimates 


ll^Wlh 


< 


C{eo){t) 


-1/3 


(1.13) 


R has the same asymptotics as a small solution to fImKdVp . and in particular possesses 
a modified scattering behavior as t —)■ oo as in uni. 


Note that we prove a full asymptotic stability result by describing the behavior of the 
perturbation behind the solitary wave and that, because of the critical dispersive decay of 
the mKdV equation, the radiation has nonlinear asymptotic oscillation. 

Remark 1.6. Note that the spatial decay fll.lOl) that we require in front of the solitary 
is only slightly more than in L^. This is at the same scale as the decay property 

which is used in the inverse scattering theory, where one requires xuq in L^. Spatial decay 
conditions on the data are not explicitly stated in the work of Deift-Zhou on the defocusing 
mKdV equation [9], but the condition above is used in the application of direct and inverse 
scattering in [U 00] . We also refer to [32] for a recent survey. 


1.3. Ideas of the proof. We now briefly explain the main ideas and the intuition behind 
our results. 


Global existence and modified scattering. In what follows we let 

m := e’O’-uit) 


(1.14) 


SO that dtf = —e^^^dx{u^). Then we can write fImKdVD as 

1 


dtf{t,Cj = - 


271 


e fit, i-p- a) fit, p)f{t, a) dp da. 


(1.15) 


with 

= -{^-p-(^f -P^ = 3(r/ + cT)(^-r/)(^-a). 

We follow the approach of the space-time resonances method [12] which is to view the above 
integral as an oscillatory integral, whose large-time behavior will thus be dictated by the 
stationary points (in p, and in t after time integration) of the phase <f. As observed in [28] . 
this will give a very simple means of computing the large-time correction to scattering, due 
to the long-range effects of the critically dispersing nonlinear term. 

Before explaining this argument, we need to describe precisely the stationary points of fi. 
A small computation gives that 


p,a) = 3{^- a) - 2p - a) 
da<P{^,P,(^) = - p){^ - p - 2a) 


(1.16) 


and 


det HesSr,,o- = —3Q{p^ + a"^ + pa — ^p — ^a). 


( 1 . 17 ) 
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Notice that 


drj(p = d^(p = 0 {t], a) = (rji, ai) , 1 <i<4 

with 

f (Vi,^i) = (^,0 

I (rf2,(T2) = (^,-0 

[ (r]4,(T4) = (|,|) , 

and that, for i E {1, 2, 3}, 

= 0 

0(C,h4,t^4) = (8/9)^^ 
det Hess,,,^ r]i, ai) = -36^^ 
det Hess^^o- 0 (^, 174 , (T 4 ) = 12 ^^ 
sign Hess^,^ (j){^,r]i, a^) = 0 
sign Hess^,„ (j){^,ri 4 ,a 4 ) = 1 - sign 


(1.18) 


(1.19) 


( 1 . 20 ) 


where sign M is the signatnre of the matrix M. 

The above computations are the basis to derive - heuristically for the moment - the large 
time behavior of /. By the stationary phase lemma, assuming that / is sufficiently smooth, 
fll.lSp implies that 

dtf{tA) = ( 3 ) + {integrable terms}. ( 1 . 21 ) 

The second summand on the right-hand side should not be asymptotically relevant, due to 
the time-oscillating term. Thus the above reduces to 

dtf{t,0 ~ + {integrable terms}, 

bt 

from which we infer that |/| converges as f —)■ cxo to an asymptotic prohle F, while 

~ ^(Oexp (^z^^^lF(Oriogt), as t ^ 00 . 


Asymptotic stability of solitons. The key idea when proving asymptotic stability for the 
soliton will be the following decomposition 

u{t,x) = Qc{t)iy) +Vi{t,y) +V2it,y). 

' 

We now explain precisely how the new coordinate y, the soliton parameter c, and the radi¬ 
ation part n = Ui -|- ^2 are determined. First, the new coordinates 

y = X — c{s) ds + h{t) 

Jo 

correspond to adopting as a reference the moving frame of the soliton; the modulation 
parameters c and h will be chosen below to ensure a certain cancellation. The radiation part 
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V satisfies the perturbed equation 


dtv + dy{-c + dl + 3Ql) V 


v{t = 0) = Vq. 


dyiiQc + vY — Ql — SQ^v) + {less important terms} 


The asymptotic stability of solitons follows from the decay of u; this in turn is given by decay 
estimates for the linear group However, the functions in the generalized kernel of Cc 
(of dimension 2) do not decay under this semi group. Thus one needs to make sure that, in 
the spectral decomposition associated to Cc, the component of v in the generalized kernel of 
Cc is zero: this condition completely determines c and h. 

Following the work of Mizumachi [12], see also 06], the radiation part v is then split 
into V = Vi + V 2 -, where vi simply solves fImKdVp in the y coordinates, with data uq. 


r dtvi - (c + h)dyVi + dy{vl) + = 0 

\ Vi{t = 0) = Vq, 


while V 2 , the remainder term with zero initial data, solves 

J dtV 2 — CcV 2 = —dy{{Qc + vi + V 2 Y ~ Qc ~ "^1 ~ + (less important terms} 

1 V2{t = 0 ) = 0 . 


The advantages of this decomposition become clear when one tries to obtain decay for the 
part of the wave which is to the right of the soliton, that is the region {i/ > 0}. In more 
technical terms, we want to obtain decay for ||(i/+)™'Ui||i 2 + ||e“^U 2 ||L 2 . 

• The decay of || ||^^2 is obtained by a virial-type argument, which one can apply since 

the equation for vi does not “see” the soliton, and the data are such that || (i/+)'"uo|Il 2 < 
oo. 

• The decay of ||e“^U 2 |li 2 is obtained via decay estimates in exponentially weighted spaces 
(with norm of the type ||e“^ '1^2) for the linear group This requires the data, as well 
as the right-hand side of the V 2 equation, to belong to an exponentially weighted space. 
This is easily checked for the V 2 equation: the data is zero, and expanding the right-hand 
side, it appears that the slowly decaying vi factors are always coupled to V 2 or Qc, thus 
ensuring exponential decay. 


Organization of the paper. Section 0] contains the proof of Theorem 11.11 about the stability 
of the trivial solution. We begin by establishing some linear and simple multilinear decay 
estimates in 12.11 In 12.21 we prove energy estimates involving the scaling vector held. Sections 
12.31 and 12.41 contain the heart of the proof of Theorem 11.11 that is the justihcation of the 
asymptotic expansion fll.2ip and the control of the remainder terms. In section |23] we derive 
the complete asymptotic description of small solutions of fImKdVp relying on a rehned linear 
estimate and the global bounds established before. Section |3] is devoted to the proof of 
Theorem 11.51 about the stability of soliton solutions. We hrst prove asymptotic stability a 
la Pego-Weinstein in section 13.11 and then give the proof of scattering for the radiation in 
section 13.21 


1.4. Notations. For x G M, we set 

(x) = \/l -I- x^. 

We denote C for a constant whose value may change from one line to another. Given two 
quantities X and Y, we write 
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• X <Y ii X < CY for a constant C. 

• X ~ F if X < y and y < X. 

• X -C y if X < cY for a small constant c. 

We define the Fonrier transform by 

J^giO = 9(0 ■= [ e~^''^g{x)dx c/(a;) = /" e“%) 

V Jm V /TT Jr 

The Fonrier mnltiplier m{dx) with symbol m is given by 
and the psendoprodnct operator with symbol rj) by 

j)](0 = j d)/(^ - g)9{g) dg. 


Let -0 be smooth, snpported on [—2, — i] U [|, 2], and satisfying 

forego. 


jez 


Define 


i<o ^ 


and the Littlewood-Paley operators 

a 


F ,=0 




p^j — ^ Pk, p<^j — ^ Pk, p<j — ^ Pk- 

2*=^2i 2'=<2J+C' 


We will often denote /,• := Pjf, fr^j := P^jf ■, and so on. 


2. Stability of the zero solution 
We assnme that the following X-norm is a priori small: 

\\u\\x = sup {t-^\\u\\Hi +t-P^\\xf\\^, +P^^~^^^\\\dXxf\\^^ + ||/(0|Loc) < ^ 1 - (2.1) 

We will then show 

||u||jj. < £o + Cel (2.2) 

for some absolnte constant C. This a priori estimate, combined with a bootstrap argnment, 
and the choice ei = , gives global existence for snfficiently small ^o- For simplicity, and 

withont loss of generality, we only consider t > 1, assnming that a local solntions has been 
already constrncted on the time interval [0,1] by standard methods, snch as those in [29]. 
Using also time reversibility we obtain a solntion for all times. 
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2.1. Linear and mnltilinear estimates. We begin by proving a refined linear estimate 
which also gives useful bounds. 

Lemma 2.1 (Linear Estimates). For any t > 1, x E M., and u(t,x) = e~^^^f(t,x) with f 
such that 

ll/(i)llL»+i"‘''“ll»^/WllL^<l. (2.3) 

the following estimate holds true: 

+ 0<^)<l, (2.4) 

\8Mx,t)\ < + \xiei^\y8^ (2,5) 

In particular, whenever u = satisfies the a priori bounds fl2.ip . one has for any 

(3 G [0, and all p with p(l/4 — (3/2) > 1, 

( 2 . 6 ) 


Remark 2.2. The refined linear estimate fl2.4l) in the case /5 = 0, and the estimate fl2.5|) 
coincide with the estimates obtained in [19]; see also [8] for related work. The improvement 
for > 0 is needed to obtain (12.bh . which will be in turn used to prove the trilinear estimate 
fl2.12p below. fl2.12p allows us to simplify our subsequent analysis (especially the key estimate 
of section [2^ and give a sharper global existence result, see remark [L3l 

Proof. Denote A(^) = and write 


u{t,x)=e ^^-f{t,x) = -^ [ 

V 271 Jm 


For a: < 0, let 


0(0 :=0a^A)+A(0- 


:= ±\/-x/(3t) 


(2.7) 


denote the stationary points of the phase 0(0) = 0- fhe case a: > 0 there are no 

stationary points, and the estimate in this case is easier and follows from the same arguments 
that we present below. 

We now restrict our attention to x < 0. Up to taking complex conjugates, we notice that 
in order to obtain fl2.4p - fl2.5p it suffices to show that 






-1/4+/3/2 


for all (3 G (0,1). Let us denote 0 •= \/— x/ (3t) the only stationary point in the above 
integral. We see that since |x/t0A = 3(^o^^'^^)^) it is then enough to show 




< ^-l/3-/3/3 


max 


1 ) 


-1/2+/3 


( 2 . 8 ) 


for any f > 1, x < 0, and any function / satisfying (12.3p . We distinguish two cases depending 
on the size of .^o- 




























10 


PIERRE GERMAIN, EABIO PUSATERI, AND FREDERIC ROUSSET 


Case 1: < t In this case we only need to obtain a bonnd of t for the term in 

02.Sp . We split the integral in fl2.8p as follows: 

poo 

/ e‘‘*l«|5|'’/K)rf« = A + B. 

Jo 

poo 

^0 

poo 

B= / e“««yi»/K)(i-x(2-“«'''y))<ie. 

Jo 

The hrst term can be very easily estimated using the hrst bound in 02.dp . For the second term 
we notice that |.^| S> .^o on the support of the integral, so that \d^(j)\ = 3|^o~'^^l ~ ~ 

An integration by parts then gives: 


1-^1 ^ + B 2 , 


Bi = - 


Bo = - 


s«(Ai^i'’(i-x(2-'V''y))|i/(oi<i?, 


We can then estimate 

By < 1||/IL« uj^(l - x(2-^V/^0) + < (-■''='-"1 

Similarly, we can use the second bound provided by 02.Sp to obtain: 


B 2 < ilias/llw ( 1°° ^^(1 - di) < r 


Case 2: ^0 ^ In this case we aim to prove a bound of for the left-hand 

side of 02.81) . To separate the non-st at ionary and stationary cases we split the integral as 
follows (see II.4p : 

cm)\^\q^^)di = c + D, 

poo 

C= / e“*«>|5|'’/(0(l-<*({/&))<(«, (2.9) 

poo 

D= / e“««|e|'’/(OV>(?/&)o?. 

Jo 

Integrating by parts we get 



IC^I <Ci + C2, 


--if: 






C2 = - 
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Using the fact that on the support of the above integrals > niax(^,^o)^ we obtain 

which is stronger than the desired bound since ^ Similarly 

1/2 


C2< J|S5/lly(^ maxK,&)--■« 




which suffices since ^ 

To estimate the resonant contributions ~ ■Co we let Zq be the smallest integer such that 
2^° > 1/and bound the term D in (I2.9p as follows: 

log Co+io 

1^1 < E 

l=lo 


A. := / e'‘«'|5|'’/K)V-K/5o)x(2-‘«K-A))(i?, 

Jr 

D,:= f -&))<«. 


z ^ Zn + 1. 


The choice of Zq and the hrst bound in fl2.3p immediately give us \Di^^\ < ^^2’-° < t ■ 

To control the terms Di we integrate by parts and see that: 

I A| ^ Di,i + A,2, 


A,i = 


1 / 1 


t 


- &))) ||/K)I di, 

klY'K/&)<f(2-'« - ?o))|9s/K)| de 


1 r°° 1 


t Jo 

Using the fact that on the support of the integrals — ^gl ~ 2^^o, we can estimate 

A,. <i-‘||/||i„2-/„-'+'’, 

which gives the desired bound upon summation in Z. Similarly, we have 

Using the second bound in fl2.3p and summing in Z we obtain a bound of 

which is better than our desired bound. This concludes the proof of fl2.4l) . The estimate 

fl2.6p follows by integrating in the inequality fl2.4l) . □ 

Lemma 2.3 (Multilinear Estimates). Let u = he a funetion satisfying the a priori 

assumptions 


sup {t ^/®||x/(Z )||^2 + ||/(Z)||^^) < Cl- 


t>i 


( 2 . 10 ) 


Then the following bilinear estimate holds: 


sup t \\u{t)u^{t)\\^^ < ej. 


t>i 


( 2 . 11 ) 
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Moreover, for all 0 < a < ^ we have 

( 2 . 12 ) 

Proof. To obtain (12.lip it suffices to multiply the bounds provided by fl2.4p in the case [3 = 0 
and ( 12 .bp . 

To show (12.121) we start by choosing /? G (a, 1/2), p, q,pi,p2 G (2, cxd), such that 

1/p + l/g = 1/2, 1/p = 6 '/pi + (1 - 6 ')/p 2 with 9 = a/[3, (2.13) 


and 


Pi(l/4 -/3/2) > 1, P2 > 4 

(to see that it is possible to choose parameters satisfying the above requirements, hrst £x 
(3 G (a, 1/2); the other indexes are then fully determined by p and pi; one checks that the 
above inequalities are satished if p, pi —?• cxo). We use the fractional Leibniz rule, followed 
by the Gagliardo-Nirenberg inequality (Theorem 2.44 in|3j) to obtain 


Ilia 


'a:I ^ IIl 2 ^ 


Ilia. 


U\\j^p\\U 


I Li 


<llia. 


9 11^ II l|l-^'ll l|2 

^IIlpi II^11LP2 II^11 L^i 


Using the linear estimate fl2.6p we have 





< ,-l/3+l/(3») 


II < .-l/3+l/(6g) 


Using these three inequalities we see that 

Ilia.lVii^. <G 


where, using fl2.13p . we have 


7 = (-1/3 - [3/3 + l/(3pi))0 + (-1/3 + l/(3p2))(l - 9) + 2(-l/3 + l/( 6 g)) 

= -1 + (1/3) {9{-/3 + 1/pi) + (1 - 9)/p 2) + l/{3q) = -5/6 - a/3 
as desired. □ 


2.2. Energy estimates. We now prove energy and weighted energy estimates. 


Lemma 2.4. Let u G C{[0,T)-, H^) be a solution of fImKdVp satisfying the apriori bounds 
(12. ip . Then 

\\u{t)\\j^i <eo + Cel. 


Moreover, if u = e *^^f. 
Finally, for 0 < a < |, 


\\xf{t)\\Hi < C{eo + el){ty/^. 

mrxf{t)\\^,<c{eo+ei){ty/^-'^/c 


(2.14) 

(2.15) 


Proof. The hrst estimate follows from the conservation of Mass and Energy (II.2p . The 
estimates (12.141) and (12.151) will be obtained by energy estimates performed on the fImKdVIl 
equation itself, or on the equation obtained after commuting the scaling vector held S : = 
1 + xdx + 3tdt, i.e. 


dtSu + dl,Su + 3dx{u^Su) = 0 . 


(2.16) 
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Proof of fl2.14p . In the following, we denote, given a function a, la for the antiderivative of 
a vanishing at —oo: [Ia]{x) = Applying I to fl2.16p gives 

dtlSu + d^Su + ?>vfSu = 0. 


Multiplying by ISu and integrating in space yields 


1 d 

2 dt 




d^SuISu dx + 3 


v?Su ISu dx = 0, 


or, after integrating by parts, and taking fl2.11l) into account. 


-^\\lSu 

2 dt'' 


2 ^3 

l2 “ 2 


dx{u^) [iSuY dx 


~ ^ 11 I 


2 

L2- 


By Gronwall’s lemma 


\\lSu\\l,<eot^^l (2.17) 

Observe now that xf = ISf — Stdtlf = ISu + , from which the above inequality, 

combined with fl2.12p . gives the desired result: 

1131/11^2 < \\ISu\\^2 + 3t\\u^\\^2 < . 

A similar argument applies to give a bound for ||cl 3 ;x /||^2 and completes the proof of fl2.14p . 


Proof of fl2.15p . As explained in Remark 11.31 for the proof here, we do not really need to 
assume that xf is in We shall give here a proof of fl2.15|) that do not require higher 
regularity. By using the regularity, a shorter proof is possible ( we shall use this argument 
in the proof of Lemma [3.101 below to handle the solitary wave stability). Starting from (I2.16p . 
a simple energy estimate leads to 

~\\\d.r^Su\\l2 = -3 I \d^r^d^{u‘^Su)\d,r^Sudx 

=-3 y \da,\°‘~^dx{wv)\da;\‘^~^vdx 

where 

w = and v = Su . 

Recalling that Wj = PjW and Vj = Pjv, a paraproduct decomposition of the above right-hand 
side gives 

7 f* 

■^\\\dx\°'~^v\\l 2 = / dx 

2J~2'= 2''>2J 

=:/ + // + IIP 
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To estimate /, we use the dispersive estimate fl2.1ip and the standard properties of the 
Littlewood-Paley decomposition (see for example 0) to obtain 


/ < 


< 


\dxV ^ y] da,{wjVk) jii^r 

2'=<2J 

1/2 


IL2 




2'=<2l 


L2 


111^2:1“ 1^|U2 


< 


1 1/2 


. j 2'“<2l 




< 


£l 

(i) 


1 1/2 


j V2'=<2l 




L2- 


The estimate of JJ also relies on fl2.1ip : 

II <. E \\\9x\'^~^v\\^2 

2''~2l £2 

1/2 


< 

rsj 


< 

rsj 


H (2"ik'( E 


WjVk 




L2 


lll^xT ^11^2 




L2 


e 2'=~2l>2l 


1/2 


lll^xT '1 'IIl2 


< £i 
^ (t) 


1 1/2 


E( E 2“('-")|ii4r-' 


Pfc||_L2 


£ 2'=>2^ 




L2- 


To estimate III, we need the classical commutator estimate 

||[|s.r‘4,/’«Hi’j/llia;£2(“-‘W||4«>|ii«||/’i/iiy. (2.18) 

proved in the appendix in Lemma [A.31 Commuting \dx\°'~^dx with w<^k in HI gives 


=: Ilh + Ilh 


It follows easily from the commutator estimate fl2.18p and fl2.1ip that 
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To estimate Ilh, we integrate by parts to obtain 

IIIb= [ w^jd^\d^\°‘~^Vj\da;\'^~'^Vkdx 




= / (ix+ { remainder }. 

2l~2'' 

The remainder is easy to treat, thus we skip it, and the main term is not much harder: 

— ^ ^llllO |a— 


\IIh\ < ||4u;||^oe|l|a,,|“ v\\^2 < —Ilia 


t 


lL2- 


Gathering the estimates on I, II and III, we obtain 


^111^x1" < yllia^r \\\l2, 

which implies, by Gronwall’s lemma, 

lliaxr”^-5M|lL2 = |||a,^|“"^'i;||^2 

Finally, observe that 

lliaxlWIlL^ = lll^*r"^(a^^:r + i)/IIl 2 < |||a,,|“"^^/||^2+ 3t|||a,^l““^at/||^2 

= |||a„|""^s'M||^2 + 3t|||aa,|"M^||^2. 

The desired estimate follows by combining the bound on |||a 3 ;|"“^S'M ||^2 and fl2.12p . 


□ 


2.3. Control of sup^ ||/(t)||oo- This section is dedicated to proving the following key propo¬ 
sition: 


Proposition 2.5. Under the a priori assumptions fl2.ip . the following estimate holds for a 
solution u of fImKdVp .■ 

l|/WlL - IKo|L + • (2.19) 

Proof. We will show the following key identity: for f > 1, 
isign^,-. , c 


dtfihO = 


6t 


l/(i.OIT(i.O +[1 k|>,-./»/(«,C3)J +R(t,(), 


where c G C is a constant, and R satishes the bound 

poo 

/ \Rit,f)\dt<el. 


( 2 . 20 ) 


( 2 . 21 ) 


The proofs of fl2.20p and fl2.2ip above will be given in Section ITTI below: let us hrst show how 
fl2.20p - fl2.2ip imply the desired conclusion fl2.19p . Dehne the modihed prohle w as follows: 




( 2 . 22 ) 


Then we have 


dtw{t,^)=e dtf{t,f) -idtB{t,^)f{t,f) 




= e 


t 


l|C|>t-V3/(t,e/3) +Rit,0 
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Integrating in time the above identity, using the fact that B is real, |'u;(t,^)| = \ f(t,^)\, and 
the remainder estimate fl2.2ip . we obtain 


\ < l«o(OI +c 



ds 




+ £ 


3 

1 • 


The desired conclusion will then follow once we show that, for t 


'id- 




ds 


<£? 


1 • 


(2.23) 


Proof of fl2.23p . Integrating by parts in s using the identity we see that 




'id- 


<J+K+L+M 






s=hi' 


r l4lS-/(s.?/3)||/(s,f/3)|'^*, 

iid-3 Kl s 

iid-3 Kl s 

M=f 


'id- 




(2.24) 


Since t > |^| the a priori assumption ||/(t)|| 2 ,cxj < £i gives immediately that J < ef. Using 
again ||/(t)||£,cx) < and fl2.20p - fl2.2ip we can estimate 


K < 


1 rs^ 


2|€|-3 L s 
From the dehnition of B in fl2.22p we see that 


i + i?(s,0 


,ds 


£^— < 


L< I TT^-£l—<£l 


'Id 


-3 |e|3 S ^ . 


The last term, M, is easily bounded by |^| ^ef ^ ^ e?, which completes the proof of 

(HM- ' □ 


2.4. Proof of fl2.20p - fl2.2ip . Recall that we assume f > 1. 
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Some elementary estimates on f. Recall that fj = Pjf] we start by stating a few estimates 
on fj that follow immediately from the a priori assumption fl2.ip : 


II /j II~ ^1) 


/iIIl^ ~ [2 2 +min(t ^2 


II/iIIli - ll/illL2^l|2^/illL2^ ^ {l + 2im)ei 


II/iIIli ^ (1 + 2^'^^ 

< WfiWpPmlP < (2-"« + 2^'F'’>tA+S) for 0 < p < i 


Moreover, if 2-^ > t a, then /<j satisfies 


ll/<illLi <24ti2£i 

ll/<illLi ~ 


X 


P'’/<illi. < 2^'l-r'tMS£,, tor 0<p<i 


(2.25) 


(2.26) 


Let us prove the first inequality, the proofs of the other ones being similar. Observe that, by 
the a priori assumption (12. Ih . 


ll/<-llog2lll^2 

||x/<_ii„g^j^^ = ||9^[x(t^/^0/(0]llL2 < t^/^||x'(t^/^0/(0llL2 + IIx(^^^^0^«/(0IIl2 

and estimate 


II/. 




< il/<- 


E iiA 


ilogatlRi^ WJkllL^ 

t-l/3<2fc<22 


< ll/<-ilog,tlll('l|a^/<-ilog2tll^('+ 


~ log2tll^2 

< (1 + 2k^)ei < 2it^ei. 


t-l/3<2fc<2i 


Decomposition ofdtf. Assume that |.^| G (2/2.^+^) and split 


= -^ II e -ri - t!)f(ri)f(t!)dridt! 


E 


k,l s_ 


271 


- P - <r)/(>)) 7 (o)V> (Z) i' (^) <idd<y 


2k 


2^ 




(2.27) 




A 




2'= ,2^ <22 
22>t-l/3 


2''~2^>22 

2fe>j-l/3 


2''>2'^,22 


22,2'',2^<t-l/3 


symmetric 

terms 
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Contribution of I. It can be written 


z 
271 
2^H 


^ !j ‘ AjA - - nf<jMf<jW)x [ffj) X (^) dvdrr 

- >/ - ff'))S(2A')fe(2V')x' (f)x{f] dri’ da' 


where we changed variables by setting = 2 This can also be written 


I = 


2^H 




X 


dr]' da' 


with 


Fir]', a') = /<,(2^ (r - v'- a'))/<,(2^V/')/<.(2V'), 
and where |^'| ~ 1. Applying Lemma lA.ll in light of fll.18p - fll.20p . we get, for |^| > 

93i^ ( IIU 

(23n)i+p 


/ = ^l/«)P/K) + 1. 


(2.28) 


where c is a constant whose exact valne will not matter. Now observe that 

2-31 


F{x,y) = 


271 


e *^V<j(2 ^iz-x))f<j{2 ^z)f<j{2 \y - z)) dz 


so that 

lldli. ;£ ll/slll and IIIA.!/)t'’dli. ;£2^«ll/<,||J,|||ip/alli.- 

Combining fl2.28p and fl2.29p above, and nsing fl2.26p gives 

3 


(2.29) 


I - - ye-"t«7 a 

bt t 




r\j 1 


(2.30) 


Recall that a is close to, bnt less than, Choosing p close to, bnt less than, we get that 
I — 2p — a =: —K < 0, and —| — \p — = —1 — It follows that 


'2-37 


I - 


4 3^3 

*sign^i -^ 2 


**3 '7(^ 






ds 


< 7 / 2--^s-^-t ds < si 

J 2-37 


Contribution of IF We essentially follow the same approach as for I, and keep in particnlar 
the same valne for p and a. A change of variables gives 

2 / 1 / * F F 

E 77 // - 2^(7 + a))S( 27 )S (2 V)i^ (p) tf (a) dp da. 

2''~2^>27 ^ 

2fc>j-l/3 
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Due to the absence of stationary points, Lemma lA.ll implies 


|//|< 5 ; 2^2^ 


2fc>j-l/3 


(23fc^)l+p 


Fkiv, = f<k{^ - 2^(77 + a))f<k{ 2 ^ri)f<k{ 2 ^a) 


where 
and, as above. 

As before, using (I2.26p . this leads to 

1 „ ,|2 


\II\< V 2^2^^- 

I I ~ / V I 


2 * >2-’' 


{2^H) 


i+p 




< ^ ^ 2 ^ 2 ^^ 4 2P 4 6^ 


(2.31) 


2'= >24 

2fe>j-l/3 


and thus since | + y + | > 1, 

^00 


I \n\ds<el / 2-^s 4 If 3niax(2-^, s 4 2/^ ds < e\. 

Jo Jo 

Contribution of III. For the summands in III, 2^ S> 2^,2f thus |? 7 | is the largest variable 
and we can write III = Ylk^k, with 

^ ff -ri- c^)/~fc(h)/«fc(c^)^ (^) X (^) dr] da. 


On the support of the integrand, \d^(l>\ ~ 2^*^ and 

1 


omi om2 _ 


2^—2k2^ — (m.i-\-m2)k 


(2.32) 


for all integers mi, m 2 G {0,..., 10}. We then integrate by parts in a to get 

III = Y1 

2'=>24,t-l/3 


r(3) 

‘A: 


:= f 

271 

JJ/f := ^ 

271 

r{3) . ^ 






itdrjf 


daUki^ -V- t^)/~fc(h)/«fc(f^)V' dr] da, 


T] 


a 




itdfjf 


Uk{^ -r]- a)Uk{v) daf<^k{(T)iJ dr] da. 


V 


a 


271 


Ulf’ :=— 


V 


itd^f^ V2W ^ V2W 


a \ 


Uki^ -r]- cT)/^fc(h)/«fc(c^) dr]da . 


From fl2.32p and Lemma IA.2I it follows that 


III 


( 1 ) 

ke 


+ 


III. 


( 2 ) 

ki 


< 




f22fc L 


ll^/~fc|lL2|l/«fcllL2 + ll/~fc|lL2|l^/«fcllL2 


^ T 3 
\U^k\\L^ ^ ^7/623fc/2^1- 


(2.33) 
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This gives the desired estimate after summing and integrating in time: 

2^' 


r 5: i///fi+i///fv.<.?r 

Jo J 2 - 


2'=>2-’ 
2fc>i-l/3 


3k s'^/® max(2t, 


ds < ef. 


The remaining term can be estimated similarly using again fl2.32p and Lemma IA.21 


III: 


(3) 


< 


2^ 


2^ 


^23fc ~ ^4/322^^^’ 

which gives the desired bound upon summation and time integration since 

noc 2t 

J2-3k s‘^/3 max(2t, s-i/3)2 


■ ds < 1. 


(2.34) 


Contribution of IV. Using simply 


\m < E 

2J,2'=,2^<t-l/3 

which gives the desired result after time integration. 


< £ 1 , the term IV can be estimated by 


□ 


2.5. Asymptotics. In this section we derive the asymptotic behavior of solutions of fImKdVp 
as time goes to inhnity. We are going to show the following: 


Proposition 2.6 (Asymptotics for small solutions). Let u he a solution of fImKdVI) satis¬ 
fying the global bounds fl2.ip - 02.21) . Then, for any t >2, the following holds: 

• In the region x > we have the decay estimate 

^0 


\u{t,x)\ 


< 


(2.35) 


U/3(x/U/3)3/4’ 

In the region |a;| < , with 7 = l/3(l/6 — Cel), ^de solution is approximately 

self-similar: 

Ht, x) - I < ^ 1 / 3 + 37 / 2 ^ (2.36) 

where (p is a bounded solution of the Painleve II eguation 

p>" — = 0, p.v. ip(x) dx = uo{x)dx. (2.37) 

*/ M. ’J M. 

In the region x < the solution has a nonlinearly modified asymptotic behavior: 

there exists foo G L'^ such that 


u(t, x) 




3? exp 


ZTT Z 

+ X ^ gl/oo(^0)Plogt)/oo(^0) 


< 


^0 


U/3(_a;/tl/3)3/10’ 

(2.38) 


where fo ■= \/—ir/(3t), and 3? denotes the real part. 

The proof of Proposition 12.61 is given in the remaining of this section. 
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Decaying region: Proof of fl2.35p . The proof of fl2.35p follows from similar argument to those 
used in the proof of Lemma [2.11 As before we denote A(^) = and write 

u{t, x) = x) = df, 0(0 := ^{x/t) + A{^). 

V 271 Jr 

Since for any x > 0 we have = x/t + 30 > max(x/f,0)) we integrate by parts in the 
above formula and bound: 


\u{t,x)\ <I + 11, 


I = 


II = 


1 




d^, 




Using the weighted bound in 

1 


i/|<- 


- fl2.2p we can estimate 

2n-2 


df. 


1/2 1 
{x/t + 30)"^ df \\xf \\^2 < 


which is the desired bound. Similarly, we can use the bound on / to obtain 


I//I < 


x/t + 3ey"\^\dm 


L- ^ ^y/t) ^0, 


which is a stronger bound than what we need since x > 


Self-similar region: Proof of fl2.36p . We now look at the self-similar region |x| < 

Dehne v through the identity 

u{t,x) = ^), v{t,x) = y^u{t,y^x). (2.39) 

Recall the dehnition of the scaling vectorheld S' = 1 + xdx + 3tdt. A simple computation 
shows that 

9tv{t,x) = ^j^{Su){t,y^x). (2.40) 

Moreover, since n is a solution of fImKdVp . one can verify that 

dtv{t, x) = jdx - Vxx - (U x). (2.41) 

Our aim is to show that v{t,x) is a Cauchy sequence in time with values in L“. For this 
we hrst show that, for all |x| < one has 

\P>220tjv{t,x)\ < (2.42) 

\dtP< 220 t.v{t,x)\ < (2.43) 

For fl2.42p . we recall that / = and write 

P> 22 o,.n(t, x) = f Odf, fif; x, t) := xf^^ + iff 

Jr 

Since for any |x| < we have \d^(j)\ > > p/^++ on the support of the above integral, 

an integration by parts argument similar to those in the proof of Lemma 12.11 shows the 
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validity of fl2.42p . Notice that a similar bound also holds for P^ 2 ^otjv{t,x). Because of this, 
in order to obtain fl2.43p . it suffices to prove the estimate for P< 2 ‘^otjdtv{t,x). Observe that 
from fl2.40p one has d~^dtv = 1/{?>t){ISu){t^p/^x). Therefore, using Bernstein’s inequality, 
and the bound (12.171) . we get 

\p<2^o^.d,v{t,x)\ < ^ 

as desired. 

We then write 


v{t,v) = n(t,a;)[l - ' 0 (a;/t^'^)] + P> 220 tjv{t, x)'ijj{x + P< 2 ‘ 20 tiv{t, x)'ip{x/. 

Combining the decay estimate (12.41) which gives \v{t, x)[l—^jJ{x/t‘^'^)]\ < with (12.421) - 

(I2.43p . we see that there exists cp ;= limt^oowith |n(f) — v?| < It also follows 

that, uniformly for |a;| < 

/ OO 

^_7/6+37/2+Ci.f < ^^^-37/2 

where we recall our choice of 7 = l/3(l/6 — Ce\). 

To verify that ip satisfies the first identity in (12.371) it suffices to notice that from (12.401) 
and (I2.4ip one has 

llxn - 3n^^ - 3n^||^2 = \\ISu\\^2t~'^^^ < 

To prove the second identity in (12.371) we let 0 < a < 7/2 and use \v{t) — ip\ < to write 




v{t^x)'il){x/t°‘)dx + 0{t°‘ 


Using Plancherel, and the moment conservation for u, we have 


jvdMni. 


J{u{t, — u{t, 0))^jJ{^P)P dx + 


uo{x) dx. 


Using the bounds (I2.1l) - (l2.2p we see that for all |^| < 1 

-n(f, 0 )| < - 1)1 + - /(t, 0 )| < ler/^. 


This shows that 


which implies (I2.37|) . 


ip{x)'ip{x/P) dx 






Modified scattering: Proof of (I2.38P . The next Lemma gives a refined version of the linear 
estimate (Eap. 


Lemma 2.7 (Refined linear estimate). Let u = e for f E L"^ satisfying 

sup {t~^^^\\{x)f{t )\\^2 + \\f{t)\\L^) < 1 . 


t>2 


Then, for allt >2 and x < 

1 


u{t, x) 




3?(e 




m) 


< 


U/3|2:/tl/3|3/10’ 


(2.44) 


(2.45) 


where := ^J—x/{fi>f), and 3fJ denotes the real part. 
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This result can be proven by similar arguments to those in the proof of Lemma 12.11 and 
those of Lemma 3.2 in [23]. For completeness we give the main ideas of proof below. 


Proof of Lemma\2. 7] We write 


u[ 




X 


0(0 := + ^ ■ 


(2.46) 


As before we let .^o := \/~ x/3t ^ t > t be the only stationary point of 

the phase 0 in fl2.46p . 

We first look at the frequency region with |^ — ^o| > 0/2- There we have |9^0(^)| > 
max(^^,0)- Then, an integration by parts like the one in the proof of Lemma [2.11 (cfr. the 
terms Ci and C 2 there) gives us a bound of the form 0 

which is smaller than the right-hand side of fl2.45p . 

We then analyze the case with |,^ — ,^o| < 0/2- If I'C “ 01 ~ 2^, for i > io with 

2^0 ^ 

we integrate by parts in frequency. Using |c?^0(^)| > 2^^0) we bound these contributions by 

Using fl2.44p . and the dehnitions of .^0 and Iq, we see that the contribution from the region 
I'C “ 01 > 2^° is of the order of —x/t^fy which is an acceptable remainder. 

We are then left with estimating the contribution to the integral fl2.46l) coming from the 
region — 01 ^ 2^°. We write this contribution as 


-3? 

TT 


- 0)2-'°)/(0 di = A + B + C 


A=J -SR(e**^«o)/(eo) / di 


B = a/-3? 

TT 


c = 


_ eit<AKo)W'Ko)K-«o)U2W('('^ _ ^ o ) 2-^°)/(0 




Using the hypotheses we immediately see that 

\B\<t2^^^ <t-^/y-x/e/y-^/\ 

1^1 < ^1/6234/2 < ^-l/3(_^/^l/3)-3/10^ 


SO that these terms are acceptable remainders. 
Using the formula 


dx= 

a 


a G C, 3fJa > 0, 


we see that 




271 


-iSt^o 


+ O(2^^° + 2-^°(^0)"^^^)- 
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Finally, it follows that 






and this completes the proof of the Lemma. □ 

Notice that in the region x < one has = \/a:/(—3f) > t~^A+'y ^ t“V3_ 

next goal is then to identify an asymptotic prohle for f{^), where / = and u solves 

fImKdVD . whenever |^| S> This will then determine the leading order asymptotic 

term for u in this region via fl2.45F 

Lemma 2.8. Let f = with u satisfying the bounds fl2.ip - fl2.2p . and let us define the 
modified profile as in fl2.22l) .■ 

'•F ^ n^Q 

(2.47) 


w{t,0 ■= e B{t,^) := ^ sign ^ I 


Then there exists Woo £ L"^ such that, for all t >2, and |^| > t 

\w{t,f) - Wo^{f)\ < (2.48) 

for any k E (0,1/4). Moreover, there exists foo G L°° such that, for |^| > , we have 

/(f,0 - exp f^sign^|/oo(OPlogt)/°o(0 ^ 


(2.49) 

Proof. To prove fl2.48p it suffices to show that for all times t 2 > ti > 2, one has 

|F;(fi,0 - w(f2,0l < (2.50) 

for every |,^| ^ 2fi with j E T, and 2^ > The starting point to prove fl2.50p is the 

formula fl2.27p which, for |,^| > ::§> t~^A, reads 

dj{t,i) = i + n + in, 

where all the terms on the right-hand side are dehned in fl2.27|) . From fl2.30p and the 
dehnition of the modihed prohle w in fl2.47p . we see that, for ti <t < t 2 , 

dtw{t,0 - e-^(‘’«)|e*‘l«7(e/3)3| < 2-^^t-^-^/hl + |/J(f,OI + |///(dOI, (2-51) 

where we recall that we have previously dehned n = —\ + 2p + a, and we can choose 
0 < a < 1 and 0 < p < 1 so that a = 1/4 — /?, for any small /9 > 0. To prove fl2.48p it will 
then suffice to show 


f*t2 




(2.52) 


for all 1^1 >t^ 

|j/(f,0l + \ni{t,i)\ < elt-^-^/^2-^fi (2.53) 

for ti <t < t 2 , and |^| > Here we have used the fact that the hrst term on the right- 

hand side of (I2.5ip matches the right-hand side of (I2.53p . which, upon integration between 
ti and t 2 , gives the desired bound. 
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To prove fl2.52D we use an integration by parts argument similar to the one that gave us 
fl2.23p . Proceeding as in fl2.24p . we see that 




= ^I/(«/3)|Y 


t2 

t=ti 


f*t2 


K’ = 




< f + K' + L' + M' 


,dt 


M' = 


r^2 


Hi 


lei 




dt 

¥ 


Using ||/(t)||j;^oo < £i we immediately see that J' < ef2 which is more than sufficient, 

since 2'^tJ^^ S> 1. Using fl2.20p and fl2.2ip we see that 


f*2 1 r =-3 


K'< - 


'*1 


,dt 


rH 


j + R{t,0\4j / R{t,^)dt'^ <el2 


L' and M' can be bounded similarly, using also \dtB{t,^) \ < 

We now prove fl2.53p . To bound II we look back at the estimate fl2.3ip . recall that 
K = —I + 2p + a, and see that 

2'= >22 

To estimate III we recall (I2.33p and (I2.34p . and, in the case 2^ > deduce the 

following: 

\III{t, 0 I < ('^-7/62-3fc/2 ^ ^-4/32-2fc^ 

2'=>2^>22 

< e\{2-Bh~R^ + 2-H~R^) < elt~\tR^2^)~R^. 


This completes the proof of (12.531) and gives us (12.501) . We also deduce that w{t) is a Cauchy 
sequence and obtain the existence of a limit prohle w^o as in (|2.48|) . 

To prove (12.49p we begin by observing that (I2.48p implies that for t >2 

|l/((.?)|-kcoK)l|<d(k|(U-"- (2.54) 

Next, for B as in (I2.47p . we dehne 

2l(U0 := B{t,^) - ^sign^|/(f,0f logt. (2.55) 

D 

Omitting the variable we calculate for 2 < ti < t 2 

1 ^2^2ds1 ^2^2 

A{t 2 ) - A{ti) =-sign ^ (|/(s)| - l/(^2)| )—+ g sign^(|/(fi)| - |/(f2)| ) logU. 
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From this and fl2.54p we deduce that A(t,^) is a Cauchy sequence in time, and there exists 
Aoo £ such that 

-^oo(0l 

Thanks to fl2.54p and fl2.55p we see that 

l^(CO-(^oo(0 + ^ sign ^ I Woo (0 1 ^ log 0 I - (I ^ I log ^ ’ 

and, in view of fl2.47p and fl2.48l) . we obtain 

|/(C0 - Woo(0exp (^kloo(0 + ^sign^ |woo(0l^ log^ | < logh 

The desired conclusion fl2.49p follows by dehning /oo(0 •= 'W^oo(0 exp(iy4oo(0)- ^ 


Finally, we observe that in the space-time region xjt^A < —^27 have ^0 = \/ —xjZt Ri 
(—anci vve can then combine the rehned linear estimate (I2.45p in 
Lemma 12.71 and the modihed asymptotic estimate fl2.49p in Lemma 12.81 to obtain: 

u{t,x) - exp - 2itg + ij + I|/„oK(])Plogi)/co(5i,)} 

for foo € L°°, and whenever xjt^A < —^ 27 ^ Since k can be chosen arbitrarily close to 1/4, 
this gives fl2.38p and concludes the proof of Proposition 12.61 □ 


3. Stability of solitons 

In this section, shall study the the asymptotic stability of the solitons 

Qc(t — ct) = ^JcQ(^\fc{x — ct)), Q(s) := \/2/ cosh(s), c > 0, 
for the focusing mKdV equation 

dtU -|- d\u -|- = 0. (3.1) 

The aim is to prove Theorem 1 1.51 This will be obtained by combining the modihed scattering 
result of the previous section and an asymptotic stability result in a weighted space for the 
soliton (Theorem [HU]). 

For a smooth non-negative weight w, we shall use the following notation for the weighted 
norms: 

\\u\\lI = \\wu\\l 2, \\u\\jj^ = \\^d^u\\l2. 

k<s 

In the following, we shall use as weights, w{x) = (1 -l- tanh(5a:))^/^, with 5 sufficiently small, 
and w'. We shall hrst prove: 

Theorem 3.1. For every ei > 0 there exists Cq such that the following holds true: if Vq 
satisfies 




(3.2) 
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for some fixed m > 1/2, then there exists a shift h(t) and a modulation speed c(t) such that 
the solution of fl3.ip with u(t = 0) = Qcq + Tq satisfies 


u{t,x) = Qc ( t ){ y ) +v{t,y), 


y = y{x,t) = X — / c{s)ds + h{t), 


(3.3) 


with 

\\{y^rv{t)y. + {tr\\v{t)Ui^ + {tf-{\c'{t)\ + \h'{t)\) < Vt > 0. 
Moreover, one has the bound 

poo 


(3.4) 

(3.5) 


Note that this Theorem gives in particular that perturbations of a solitary wave decay to 
its right. This kind of result was already obtained in [171HS], [35] . Nevertheless, we establish 
here a form of the result which is appropriate for the proof of Theorem II.51 In particular, we 
prove rates of decay that will be useful in order to describe the radiation behind the solitary 
wave, following the approach of the previous section in a second step. 


3.1. Proof of Theorem 13.IL We shall split the proof in several steps. 

Step 1: Linear estimates in exponentially weighted spaces. In this hrst step, we shall recall 
the properties of the equation (13.ip linearized about the solitary wave Qc- By changing 
variables from x to y = x — ct, we obtain the linearized equation 

dtv - cdyV + dyV + 3dy {Q^v) = 0. (3.6) 

Let us denote by Sfit) the linear group associated to this linear equation, so that the solution 
of (13.61) with initial value Vq can be written as v{t) = Scit)vo. We shall recall the decay results 
for Sc obtained by Pego-Weinstein [47] by using the weighted norms 

II/IIl= := ||e“V|U^, 11/11^4 := ||e“Vlli. + \\e^^dyf\\h 

where a is chosen so that 

0 < a < \/ c/3. (3.7) 

Let us dehne 

Cc ■■= dy{- cv + dyV + 3Qlv). (3.8) 

and ^/{y) = dyQc, = dcQc, that describe the generalized kernel of Cp- 

= Ccec = ec- 

To dehne a projection on this generalized kernel, we use the generalized kernel of the 
adjoint (for the scalar product) £*. Let us set 

C{y) = -«1 dcQ^ + a2Qc{y), Ciy) = (3.9) 

where the normalization factors ai and a 2 are chosen so tha1@ 

jCQ = 1 < ^, J < 2. 

^Note that these integrals are well defined thanks to the fast decay of the 
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Note that 

£:ci = C2, CIC2 = 0. 

Define the projections 

Vcv = (n, C)l<1 + (P, C)l<1 Qc = I-V, (3.10) 

Note that these projections are well defined on and commnte with Cc as well as S'c(t) for 
all t. From the linear stability of the solitary wave, one has: 

Theorem 3.2 (Pego-Weinstein |17], Theorem 4.2). We have the following decay and smooth¬ 
ing estimates: 

\\Scit)Qcv\\Li < e““||n||L2, 

\\Sc{t)Qcv\\Hl + \\Sc{t)Qcdyv\\Li < e““max (l,t"^/ 2 )||n||i 2 . 

for some b > 0. 

By induction, we can deduce from the above estimates and the Duhamel formula that 
\\Sc{t)Qcv\\Hk < e"“||n||j^fe, 

\\Scit)Qcv\\H^+-L + \\Sc{t)Qcdyv\\Hk < e"“max (l,t“ 

for every k > 0. 

Step 2: Decomposition of the perturbation. The perturbation of the solitary wave v{t,y) 
defined in fl3.3p evolves according to 

dtv - cdyV+ 3dy{Ql(^t)v) + dyV = dyD{v) + eq, v/t=o = vo{x) (3.11) 

where 

c{t) = c{t) — hit) 

eqit, y) = cdJiddy) + :‘S,QcU){y) = Wiipv) + Kc(t)(v) (3-12) 

r(v) = - ((Q, + vf - - 3Q?k) . 

The modulation parameters {h{t),c{t)) will be chosen to ensure the constraint 

(v,C)l^ = {vXc)l‘ = 0. (3.13) 

Note that these constraints are always well defined (even the first one) when v is such that 
{y+)'^v G for m > 1/2. 

We shall use Mizumachi’s [H] approach that consists in splitting v{t,y) defined in fl3.3p 
into 

v{t,y) = Vi{t,y) + V2{t,y) (3.14) 

where Vi will be estimated in if/,, and V 2 in if/. We choose Viit^y) as the solution of the 
free nonlinear equation 

dtVi - cdyVi + d^vi + dyvl = 0, ni(0) = Uq, (3.15) 

and V2 as the solution of 

dtV2 - cdyV2 + 3dy{Ql^^^V2) + 5/^2 = dyM^v) + eg, ^ 2 ( 0 ) = 0, (3.16) 

with 

Af (n) = —{Qc{t) + Pi + ^ 2 )^ + Q/(t) + Pi + 3QI^^^V2. (3-17) 
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We shall solve this equation for V2 in the weighted space by using estimates for the 
linear semigroup Sc- Note that the choice of the equation for V2 is made in order to ensure 
that the source term Miy) that involves vi lies in the weighted space 
Let us dehne the norm: 

N{t) := {tr{\\v,{t)\\Hi^ + ll^ 2 (t)||^.) + \\{y+rv,{t)\\^. + IIT2L1 ^ 

+ \c{t) - Col + \h{t) - hoi, 

with the parameters <5 in the dehnition of w, and a in the exponential weights, chosen so 
that the following relations hold: 

<w + w'< e“. Vi e K, (3.19) 

for a small constant a > 0 . 

The bootstrap argument. We assume that 

N{t)<h, VtG[0,T] (3.20) 

and we will prove that, for all f G [0, T] 

Mi) <4- 

It will be convenient to use also the quantity 

M{t) = sup ((s)”'(||ti(s)||^i + ||t2(s)|Ihi)- 

Note that by the bootstrap assumption, we also have that M{t) < ci on [0,T]. 

Step 3 : estimate. In this step we shall prove that 

Proposition 3.3. Fort G [0,T] we have the estimate 

ll^iWIIni < eo, Il'y2(t)||^i < eo + (1 + ei)(||i^i(^)||rii + + |c(t) - co|). 

Note that the last estimate does not seem appropriate for the bootstrap. Nevertheless, we 
shall prove below that the estimates for ||ni(f)||//i, ||n2(t)||ni and \c(t) — co| are much better 
behaved in the sense that these quantities can be estimated in terms of cq if ci is sufficiently 
small. We could use the orbital stability of the solitary wave to get better estimates at this 
stage. 

Proof of Proposition \ 3 . 3 [ For the KdV type equation fl3.15p we have the conservation of the 
quantities 

f \vi\‘^dx, j dx. 

»/ M «/ M \ / 

Using these and Sobolev inequalities we easily get 

II'^i(^)IIhi Co, VtG[0,T]. (3.21) 

To estimate V2 we use the conserved quantities for fl3.1l) . The mass conservation 

/ \u{t,x)f‘dx= / \Qcq{x) + Vo{x)f dx 

Jr Jr 

implies, after expanding u as in (13.3p and (I3.14p . that 
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and thus 

[ \v 2 \‘^dy= [ {Q%-Ql(t))dy- [ vldy-2 [ Q^(^t)Vidy-2 

Jr Jr Jr Jr 


Qc{t)V 2 dy-2 


V 1 V 2 dy+O^eo). 


This yields 

11 ^^ 2(^)1112 < eo + |c(t) - Col + ||'yi(t)||/fi + 11 ^ 211 ^ 1 , 
if Cl is chosen small enough. 

To estimate ||<9a:n2(t)|ll2 one can proceed in a similar way, by using the conservation of the 
Hamiltonian for fl3.1l) . □ 


Step 4-' Estimates of the modulation parameters. The existence of the modulation parameters 
is based on the following: 


Lemma 3.4. Let cq > 0, ho > 0. There exists 5 > 0 such that for every w satisfying 

w{t) — Qco(' “ Cot + ho) G C^([0, To], hfp;)m) 

for some m > 1/2, with 

sup ||((- + ho)+) {w{t) - Qco(- - Cot + ho)) Wh^ < d, 

[0,To] 

there exists (h(t),c(t)) G C^([0,To]) such that 

[ {wit,x)-Qc(t){y))Cc(t)iy)dx = 0, h = l, 2 

Jr 

where y = x — c(s) ds + h(t). 

The proof of this lemma is now very classical and relies on the use of the implicit function 
Theorem. We refer to [ITJ Proposition 5.1] or [l3l Proposition 3.1] for the proof. 

By using Lemma 13.41 for w = u, we get the existence of c(t) and h(t) such that the 
decompositions fl3.3l) . and (13.141) with (13.131) hold. 

Proposition 3.5. On [0,T] we have the following estimates for the modulation parameters: 

\h{t)\ + \c{t)\<{t)-^-M{tf. 


Note that by integrating in time the above estimate, we get that 

|c(t) — Col + |h(t) — ho| < M(t)^, V t G [0,T]. (3.22) 


Proof of Proposition \S.5\. By using the equation (I3.1ip . we get by taking the time derivatives 
of the constraints (I3.13P that the vector T{t) = {h{t),c{t))^ verihes the ODE 


A{t)t{t) = 

(using once again (n, Q) = 0) with 
A{t) = Id- 


X, dyC) 


dyCc. 


{J^{v),dyC) 

iHv),dyC) 


\ _ 

iv,dcC) J • 




Id-Bit). 


(3.23) 


Since \B(t)\ < ||n 2 (^)||L 2 , we have that A(t) is invertible for ci sufficiently small, with the 
norm of its inverse smaller than 2. Moreover, we can estimate the right hand side of (13.231) 
by using the localization provided by dyQ. In particular, we obtain that 

l(.:^(0.a,C)l < (1 + ll«llH.)(ll«.llii + l|t-2lli|) < 
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for t G [0,T], which gives the desired estimate. 


□ 


Step 5: Estimates ofvi. We shall now use localized virial type estimates in order to estimate 
the weighted norms of vi. 


Proposition 3.6. For every t G [0,T], we have the estimates: 

\\vimHl<eo{t)--, \\{y+rv,\\H^<eo. 

Moreover, we also have 

f\\vi{s)\\l.^ds<el. 


(3.24) 


(3.25) 


Proof. We hrst notice that on [0, T], we have by assumption that \c{t) — co| < ei and also by 
using Proposition 13.51 that \h\ < ei, consequently, by assuming that ei is sufficiently small, 
we can always ensure that 

co/2 < c(t) < 2co, VtG[0,T]. (3.26) 

We shall use weights 

4>k{t,y) ■■= Xk,s{y + + ^o) (3.27) 

with cr, 0 < cr < Co/2, xo G M, (5 sufficiently small, and Xk,5 is given by 

XkAy) = i^k + + tanh(5i/)) 

We choose Ak sufficiently big, so that the following inequalities hold: 

Xk,5 ~ w‘^{y)‘^^i x'k,5 — 0) Xk,S ~ ^x'k,5y Xk,S ~ ^‘^x'k,s- 

From fl3.15p . we first obtain 

4 a f (l^klvil"^ + lie - a) [ + ^ [ (J)'k\dyVi\^ = I- [ + 7 [ ^k\vi\‘^- 


dt2 _ 

Next, we observe that < <5^0'^ and that 
13.31 We thus obtain that 


T OO ^ 


Hi ^ eo thanks to Proposition 


d 1 / 
dt2 

By setting 


<j>k\v,m-ic-a)-Cel-C6^) ^ U',\dyvf^ <0. 


1 1 

ei = ^\dyVi\‘^ - di = dlvi + vl 


(3.28) 


we also get from (I3.15p that 

dtCi — cdyOi — didydi = —dy{dydidyVi). 

Note that this is the infinitesimal conservation law corresponding to the conservation of 
the Hamiltonian. By integrating this identity against the weight 0^, we obtain after some 
integration by parts that 

4 j ^kei + (c - a) j 0^61 + ^ J 0'0di|2 = y (f'^dydidyVi. 

To control the last integral we can integrate by parts and use Proposition 13.31 and |0'^| < 50). 
to get 
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We thus get that 

^ J (j)kei + {c-a) j 0'fcei + (^ - - Ceo) j < 5 j (t)'k\dyVi\^ + J (j)'k\vi\‘^. 

By combining the last identity and fl3.28p . we thus obtain that 


^ J 0fc(ei + ^|uin + (c-cT-C'eo-C'(5) j (l)'k{ei + 

+ (- — CS — Ceo) J + \dyVi\‘^) < 0. 


(3.29) 


Note that for eo sufficiently small, ei + \\vi\‘^ and \di\^ + \dyVi\‘^ + |uip are positive quantities 
that control pointwise \dyVi\^ + |uip and + \dyVi\^ + |uip respectively. 

By using this identity with /c = 0, a = 0, xq = 0, we obtain after integration in time that 

r [iwri\dyyV,\^ + \dyV,\^ + \v,\^)dydt<\\vo\\l.^ (3.30) 

Jo Jr 

By taking A; = 0, a > 0, small and Xq = —<jt, we also get by integrating between 0 and r 
that for every r > 0, 


[ My-(^^)i\vo\‘^+ \dyVo\^)dy. 

Jr 

Since (po{y — (Tr)/(?/+)^™' < l/(r)^™', we also obtain that 

< ■^||(i/+)”'po||hi, Vre[0,T]. (3.31) 

Finally, by using fl3.29p with a = 0 and Xq = 0 but for k = m, we get that 

/ (f>m {\dyVl? + |PlP) (t) < ||(i/+)'"Uo|IhD V t G [0,T]. 

Jr 

Since (j)m behaves like for y >0,we get, using also Proposition 13.31 that 

\\{y+)^vi{t)\\m < eo- 

This ends the proof of the proposition. □ 


Step 6: Estimate of V 2 ■ We now estimate V 2 mainly using the semi-group estimates of The¬ 
orem [3]2l 


Proposition 3.7. For all t G [0,T] we have the estimates 

(trib(t)llRi <eo, f Wv^irWn. < el (3.32) 

Jo 

Proof. We can hrst write the equation fl3.16p for V 2 as 

dtV2 + CcqV 2 = dyj\f{v) Peq + dytQ, 

where eq and M are dehned in fl3.12|) , fl3.17|) and tq is given by 

tq = -3((5c(i) - Q%)v2 + (c - Co)u2- (3.33) 

By using the semi-group Scq we get that V 2 is given by the following Duhamel formula 

V 2 {t) = [ Sco{t - r) (dyAfiv) + eq + dyZq) {T)dT. (3.34) 

Jo 
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We shall first estimate VcoV{t). By using the dehnition of Vc and the fact that V 2 satishes 
the constraint fl3.13l) . we get that 

\\T^coVit)\\H2 < ||ni||i2 + \c{t) - co|||n2|U^ 

Since 

\\VcoV2{t)\\Hi < \\VcoVl{t)\\Hi + \\VcoV{t)\\H2 < |lni||L2 + \\VcoV{t)\\H2, 

by using Proposition 13.61 and fl3.22|) . we get 

{tr\\VcoV2mHi<eo + M{tf. 

This also yields (since m > 1/2) 


Next, we apply Qco to fl3.34p : 


(3.35) 


(3.36) 


QcoM^) = / Sco{t - t)Qco (dyAfiv) + 6(3 + dyCg) ( t ) dr. 

Jo 

Thanks to Theorem 13.21 we obtain 

\\QcoV 2 it)\\H‘ < [ e-^^^-^^max{l,{t-T)-^^‘^){\\eQ\\H 2 + \\tQ\\Hs + \\Af{v)\\HsJdT, s = 1, 2. 
Jo 

(3.37) 

To estimate the right hand side above, we recall the dehnition (I3.12p and observe that 

\\eQ{t)\\Hi < |c| + \h\. 

Therefore, using Proposition 13.51 we obtain that on [0,T] 

\\eQmH^^<{t)-^-M{tr. (3.38) 

Next, we observe that 

< i\c{t) - Col + |h(t)|)||n 2 (t)||^i < (^)-M(^)^ (3.39) 


and in a similar way, we obtain 

ri|eQ(t)||^2<e1 (3.40) 

Jo Jo 

To estimate A^(n), we recall its dehnition in fl3.17p . and write 

J\f{v) = - + 3Qc(t)vl + J>Qc{t)vl + QQc{t)ViV 2 + ^vlv 2 + 3nin2 + ^ 2 ) • (3-41) 

Using the localization provided by Qc we get that, on [0,T], 

ll■AA(n)(^)||Hl < (1 + llTibOllTibl + (||^^l||Hl + ||^^2||H0(1 + + ll^^2|kOII^2||H+ 

Therefore, by using Proposition 13.61 and Proposition 13.31 we get that 

In a similar way, we obtain 


(3.42) 
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Putting together fl3.35p . (13.371) . fl3.38p . (13.391) and (I3.42p . we see that for all t E [0,T] 

(t)^\\v2{t)\\Hi <eo + eiM(t) + (eo + eiM(t)) f (l, (t - dr. 

Jo V) 

Since 

ft 1 

sup J max (l, {t — ^ < +cx 3 , 

we obtain, by using again Proposition 13.31 that 


{t)"^\\v2{t)\\Hi < eo + eisup((s)”^||n2(s)||^^i). 

[ 04 ] 

Taking ei sufficiently small, we get 

(«r||i, 2 («)||f,. <eo, V«e[0,r]. (3.44) 

Consequently, the hrst part of (I3.32|) is proven. 

To get the second part, we use Young’s inequality and (|3.36p . (13.371) for s = 2, (I3.38p . 
(I3.39p . (13.431) to obtain 

ll^^2(r)||^2dr^ <eo + M{t)+\\vi\\l2dTy\\v2{T)\\l2dT^ . 

By using Proposition 13.61 and (I3.44p . this yields 

/ft \ 1/2 / /■* \ 

^ \\v2{r)\\l. drj < 60 + 6h ^ \\v2{r)\\l. drj , 

and we conclude again the proof by choosing ii sufficiently small. □ 


Step 1: Conclusion. By combining Propositions 13.61 and 13.71 we have already proven that 

M{t) < 60 on [0,T]. From (I3.22p . we also obtain that |c(f) — Co| + \h{t) — ho\ < eg (actually 

1 

we even have Cq). Finally from Proposition 13.31 we get ||n(t)||_H'i ^ Cq on [0,T]. Since 
{trirnwHi + \\{y+rv{t)\\Ht < {triMni + {triMm + + Mhi, 

we obtain, by using again Proposition 13.61 that 

N{t)<el Vte[0,T]. 

1 /2 

By taking 6 i S> Cq and sufficiently small, we see, by a standard bootstrap argument, that 
the estimate (13.201) holds true for all times. 

Moreover, from Proposition 13.51 we have that 


and, since m > 1 / 2 , we deduce that there exists c+ and such that 

This gives (13.4p . Finally, note that the estimate (13.5p follows from Proposition 13.61 and 
Proposition 13.71 □ 
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3.2. Proof of Theorem 11.51 We now show how to obtain Theorem 11.51 from Theorem 13.11 
and the hrst part of the paper. We start again from the decompositions fl3.3p and fl3.14p . 
so that viit^y), V 2 (t,y), c and h satisfy the estimates in the proof of Theorem 13.1[ We thus 
write 


u{t,x) = Qc(t){y)+v{t,x), v{t,x) =vi{t,x)+V 2 {t,x), Vi{t,x) = Vi{t,y) (3.45) 

where again y = y{t, x) = x — c + h{t). By using the estimates in Theorem 13.11 we already 
have that 

\\{x^rv{t)y. + {tr{\\v,{t)\\Hi + ik2(t)iiHi) + + mi) 

+ {\c{t) - c+\ + \h{t) - h+\) < ii, Vt>0. (3.46) 

We now use the approach of the hrst part of the paper to estimate v = Vi + V 2 behind the 
solitary wave. 


Step 1: Estimates for Vi. By dehnition, since Vi(t, y) solves 03.151) . we get that hi(t, x) solves 
the mKdV equation 

dtVi + dlvi + da^vl = 0, (hi)/i=o = To(a:). 

Consequently, hi verihes the estimates of Theorem ll.il In particular if we denote /i := 
we have 

ll^illx := sup {{t)-^\\xfi\\Hi + (t)^"^|||9^|“x/i||L2 + II/iIIl-) < eo, (3.47) 

t 

see the dehnition of the X-norm in (12. ip . In particular, this also gives the linear estimate 
(12. 4 p and (12.6p . the bilinear estimates (12.lip and the trilinear estimate (I2.12p for hi: 

(t)i/3+^/3-i/(3")|||a.|^hi||^, <eo, for 0</3<l/2, p(l/4 -/3/2) > 1, 

{t)\\vid^vi\\^^ <el, (3.48) 

(t)5/6W3|||5^|a^3||^^ < ej*, for 0 < « < 1/2. 

Thanks to 02.17P we also hav^ 

||/5hi|U2 + ||^hi|U2 (3.49) 

For later use, we improve these latter estimates in front of the solitary wave: 


Lemma 3.8. Let us set Hi(t,y) = {ISvi){t,x), again with y = x — c{s) ds + h{t). Then 
we have the estimates 


\Hi 


Ll 


< 


eo 


it) 




mT)\\l,dT<el. 


Proof. We observe that since Vi solves the free equation 03.15p . and S commutes with the 
equation as in 02.16p . then 

dtHi - cdyH^ + ajThi + ^vldyHi = 0. 


®Note that the second part of this estimate, was not explicitly written down, but it is a direct consequence 
of (j 2 . 16 l) and Gronwall’s inequality. 
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Then we can use a virial type computation similar to fl3.28p . with the same 0^ dehned in 
fl3.27p . to hnd 


d 1 
dt 2 


0 , 7/2 dy+ (c-a-C6^-Cel) / dy + ^ 

J M. ' 

= 3 / \vidyVi\(l)kHl dy < el 


it) 


WyHil'^dy 
(pkHf dy, 


(3.50) 


where we have used fl3.48p to obtain the above inequality. Note that for cq sufficiently small, 
we can ensure that c — a — CS^ — Cel — Consequently, integrating in time we get 


f (l^k{t,y)\Hi{t,y)\‘^dy < f 0,(O)|i7i(O,i/)|2dy. 

Js. Jr 


Moreover, by observing that i7i(0, y) = yvQ and taking the parameters in the weight so that 
cr > 0 , Xo = —err, and k < m — 1, we get in particular that for every r > 0 , 


||(a;+)^i7i(r)||2 


< 




This proves the first part of the estimates by taking k = 0. 

Next, by using fl3.50p with a = 0, a:o = 0 and A; = 0 in the weight, and integrating in time 
we get, using that w'^ < xl,s^ 


\Hi 


\H^,ds 


<6 +e; 


^g^l+2(m-l)-Ceg 


ds ^ el + e 


4 

0 ! 


for cq sufficiently small,since we assumed m > 3/2. 


□ 


Step 2: Weighted estimates for ISv 2 - In this section we shall use in a crucial way that 

dcQc = Y^dyiyQf). (3.51) 

Lemma 3.9. Set H 2 {t,y) = {ISv 2 ){t, x) again with y = x — Jg c + h. Then 

poo 

Jo 

Proof. We shall hrst estimate dyH 2 {t,y) = {Sv 2 )it,y). Commuting the vector held S with 
the equation dtv + d^v = F + dxC gives dtSv + = {S + 3)F + dx{S + 2)G. Applying 

this identity to fl3.16p . we get that dyH 2 solves 

dtdyH2 + Cc+dyH2 = dy{S{N{y)){t,y) + M {v){t,y) + Seqit^y) + 3 eQ(f,y)) 

-dy{{SQl)v2) - dy{Qlv2) + dyZQ{t,y) :=F(f,y), (3.52) 

where we have set 

Qc{t, x) = Qc{t, y), eQ{t, x) = eqit, y), 

N{v){t, x) = { - {Qcit) + hi + V 2 )^ + Q%) + h? + 3Q\^f2) (t, x), (3.53) 

and 

y) = ic- c+)dyH2 - 3{{Ql - QlP)dyH2). 
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Let US first estimate Vc+dyH 2 = Vc+{Sv 2 ){t,y). By using the equation fl3.16l) to compute 
and by putting the space derivatives on the functions we obtain that 

\\'Pc+dyH 2 \\Hi ^ (^) (^II'^ 2 ||l 2 + ||ni||L 2 _ + |c| + |h|j 
and hence by using fl3.46l] . we obtain 

IIPAAhfHi < fi. (3.54) 

Note that the second estimate comes from the fact that m > 3/2. 

We can now estimate Qc^dyH. Applying Qc+ to the integral formulation of the equation 
dyH 2 {t) = /q Sc+{t - t)F{t, y) dr gives 

Qc+dyH 2 {t) = [ Sc+{t - t)Qc+F{t, y) dr. 

Jo 

Using the smoothing estimates in Theorem 13.21 the estimates fl3.46l) . and Proposition 13.51 
we get 

\\Qc+dyH2{t)\\L2 < f (e-^J-^^m&x{l,{t-T)-^/^){\\SJ^{v)\\^2 + ||AA(n)||^2 

_ _ (3.55) 

+ e“'^‘'"^(r)(|c(r)| + |h(r)|)) dr. 

Next, we claim that from the dehnitions of the nonlinearities in fl3.4ip and fl3.53p . and 
using fl3.46p and fl3.49p . one has 

l|V(«)IU;<5i(*)"”. (3.56) 

l|sY(t.)|U| < ?,{()-<”-') + + e,||a„ff2lU;. 

The hrst estimate is a direct consequence of fl3.42l) . Most of the estimates involved in proving 
fl3.57p are straightforward, so we only give details about one of the most complicated terms: 

\\vi{Svi){t,y)v2\\Li < l|'i'i||L-ll*5hi||L2||n2||Hi < 

We also have to estimate c and h. By differentiating in time the equation fl3.23p . using the 
equations for vi and V 2 to express dtVi and dtV 2 and always putting the space derivatives on 
C* in the scalar products using integration by parts, we obtain by using fl3.46p that 

IM*)l + |e(()l<^ + TL||S^,„||,._, 

Note that the last term comes from the estimate of cubic nonlinear term that yields, after 
integration by parts, terms of the form J^vd^vdyyvdxQdx, for i = 1, 2. Consequently, by 
using fl3.5p . we obtain that 
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By plugging the above estimates into fl3.55p . we thus get that 

\\Qc+dyH2{t)\\Li< f e-^('-")(r)(|c(r)| + |h(r)|)hr 
Jo 

+ ^ max(l, {t - + \\dyHi\\L 2 ^^ + h\\dyH 2 \\Lij dr. 

By using Young’s inequality, fl3.54p and Lemma 13.81 we thus get that 

\\dyH2\\^Ll ^ Cl + Co + h\\dyH2\\L2L2^ 
and hence for ei sufficiently small that 

^ h- (3.59) 

It remains to estimate ||iL 2 ||L 2 - Since H 2 = J^^dyH 2 , integrating in y fl3.52p . we get 
dtH 2 - WyH 2 + QldyH 2 + dlH 2 = S{M{v)){t,y) + 2N'{v){t,y) 

- [ [eQ(L y') + 3(5eQ)(t, y')] dy - {SQIV 2 ) - QIv 2 

J —00 

= G{t,y). 

By a weighted energy estimate, we get that for some 6 > 0, we have 

Next, we use (13.5ip to write 


and see that 


c^J^y^yQc) ffi hdyQcj 


{eQ{t,y') + {SeQ){t,y')) dy' 


is an exponentially decreasing function at ±cxo. Therefore, thanks to (I3.46p and (I3.58p . we 
obtain 

^ {egit^y') + {SeQ){t,y')) dy' 


< 


ei 






Consequently, by using fl3.56p . fl3.57p . we obtain 

By integrating in time and using Young’s inequality, we obtain 

Il-^2(^)|li2 + & / 11-^^211^1 ~ ^1 + [ {\\ 9 yHi\\‘i 2 + \\dyH2\\l2) dr. 
Jo Jo 

By using (I3.59p and Lemma 13.81 we hnally get that 

Jo 

This completes the proof of the Lemma. 


□ 
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Step 3: Estimates of v. Let us recall that v(t,x) is defined in fl3.45p . We can write the 
equation for v under the form 

dtv + d^v + d^{v^) = -d^{{Qc + vf -Ql- v^) + hd^Qc + cdcQc = d^K. (3.60) 

where 

K := -{Qc + vf + Ql + v^ + hQc + ^ {yQc){t, x). (3.61) 

Above we have used the notation {yQc){t, x) = {x — f* c + h)Qc{x — j^c + h). Note that in 
order to write the right hand side of (I3.6np as the derivative of a localized function, we have 
used fl3.5ip . 

We now study the profile / of h defined by / = By taking ei sufficiently small but 

such that Co ei -C ei, we will prove the following: 

Lemma 3.10. We have the estimate 

ll^llx := sup {Mm + {t)~^\xf\\^, + + ||/(0|Loc) < ei. 

Proof. We follow the same steps as in the first part of the paper. Note that the norm ||h||Hi 
is already estimated in view of fl3.46p . Moreover, by combining Lemma [3.81 and Lemma [3.91 
we have that 

(3.62) 

Jo 

Still following the steps of the first part of the paper, we shall first estimate ||x/||j:^i, using 
again ISv. We note that ISv solves 

dJSv + df.ISv + Sv^dxISv = {S + 2)K 

An energy estimate yields 

^ (IS/i-l + \K\) |/Sf.| dx. (3.63) 

By using fl3.46p . we obtain 

£ (ISJfl + |A-|) |/S6| < ||/S5(i, y)\y_ + («>(|c(0l + I'Dl) + 

and thus by fl3.62p and fl3.58p . we obtain 

r [ {\SK\ + \K\)\ISv{t,y)\dydt<il. 

Jo Jr 

Consequently, by integrating fl3.63p in time, we obtain 

ll«<>Mlli>< W°‘h4 + f?)- (3.64) 

Next, we observe that 

xf = e^^'lSv - Stidtf = e^^'lSv - 3te*^' {-vMK). 

Using fl2.12p we get 

tMM<el{t)K 

and thanks to 03.461) we obtain 

ei 
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Combining these estimates gives 

WxfWi^ < ei + elt^. 

Finally, we can estimate Sv in L^: first, we note that Sv solves 

dtSv + d^Sv + 3d^{v^Sv) = d^{S + 2)K. 
From an energy estimate, we hnd after integrating by parts 


(3.65) 


d 1 
dt 2 


IlSilli. < ^list'll!. + ||S-5||i., ( + (i)(|c(i)l + |/4«)l) + l|Sf’(<.9)llL;„,). 


and hence 03.621) and 03.581) yield 

Ilsf'Wlli. < (4 + ^ 1 )- 

By using 


(3.66) 


\d^\"{xf) =e^^^\d^\^{ISv)-3te^^^{-\d^\v^+ \d^\K), 

we get that 

iii4r(x/)iu. < ii/5hiiHi+tiii5:ih"iiL^+tiii^iiHi. 

Then, by using 03.66p . 03.64|) . 03.48P and 


ll^ll 


m 


<—+ (l + 5i)lbll«i< '' 


we hnally get 

mnxf)\\L^<h+eithf. 

Note that another way to get this estimate (that avoids using the regularity of the initial 
data in this step) would be to start from 03.65p and to follow the same steps as in the proof 
of 02.15P in Lemma EH 

It remains to estimate ||/|| 2 , 1 = 0 . We can follow the proof of Proposition 12.51 The equation 
for / is now 




where 


We can estimate 

||G(t)||L^ < |im^)llL^ < < |c| + \h\ + (l + ei)||u(t,i/)bi 

by using the exponential decay provided by Qc-, and hence deduce 


l|G(t)|| 


r 00 

1 j r\j 


ei 

it)- 


This term is thus integrable in time for m > 1 and does not affect the arguments in the proof 
of Proposition 12.51 This completes the proof of the statement, and gives Theorem 11.51 □ 
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Appendix A. Auxiliary Lemmas 

In this appendix we gather several lemmas that are used throughout the paper. First, a 
lemma about stationary phase. 

Lemma A.l (Stationary phase in dimension 2). Consider x ^ such that y = 0 m 
5(0, 2)*^, and |Vy| + |V^y| < 1; and G C°° such that \ det Hess'^l > 1, and |Vt/’| + + 

^ 1- Let 

^ = jj a)x{v, dr] da. 


Then, for any a G [0,1], 

(i) IfVfj only vanishes at {riQ,ao), 


I 


27re*5^ g*'*'b(»)o>o-o) 

Va a 


F{Vo, o-o)x(ho, o-q) + O 





where s = sign Hess and A = | det Hess'^|. 

(ii) //|Vi^|>l, 

/ {{x,y))^F 

I = 0\ - 


Proof, {i) We assume for simplicity that rjQ = ao = 'ip{riQ,ao) = 0. If necessary, it is possible 
to restrict the support of y to an arbitrarily small neighborhood of 0, since the remainder 
can be treated by {ii). By Plancherel’s theorem. 


/ = — 
271 


The function K can be written 


a) dr] da F{x, y) dx dy. 


(A.l) 


K(x,y) 


K{x,y) = //(t) 


with $x,y(i/,<t) = t/’(hW) ~ — ycr and X = x/\, Y = y/\. If A or H is larger than 

2maxsuppx iVi/’l, it is easy to bound K by integrating by parts in the above integral. Thus 
we can assume that X, Y are less than 2maxsuppx Since Suppy can be chosen to be 

a small neighborhood of 0, we can assume that X and Y are small. 

By assumption, Hess <F is non-degenerate, thus by the implicit function theorem there 
exists {f]{X,Y),a{X,Y)) such that 

V,,.$x,Y(h(A,F),d(A,F)) = 0 

and furthermore 

|r/(A,H)| + |d(A,F)|<|A| + |F| and \^x,Y{r]{X,Y),r]{X,Y))\ < \X\^ + \Y\^. (A.2) 

By the stationary phase lemma, 

27re*f ^ 

F{x, y) = -- xiv, ^ I p ) ’ 
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where A = | det Hess V’l (i?, cr) Coming back to (lA.ip . 


J = 27re*f4 ff H^,y)e^^'^^^’^^^x{r],a)dxdy + Or^" 


+ 


A 

27re*^" 1 
\/A A 

e*f s 1 


F(0,0)x(0,0) 


\/AA 


F{x,y) 


x(0,0) 


A 


A 


dx dy + O 


WfJl^ 

A2 


Therefore, using flA.2p . we hnd for any a G [0,1] 


Va a 


F(0,0) + O 


A2 


< 1 
~ A 


\F{x,y)\ - 1| + |x(r 7 ,cT) - x(0,0)|] dxdy 


< - 
~ A 


\F{x,y)\ 
which is the desired result. 


\{x,y)r , \{x,y)\ 




+ 


A^ 


dxdy < 




Ai+c 


{ii) A direct stationary phase estimate as above, using only the non-degeneracy of Hess^’, 
gives the bound 

i/i<i|idiL.. 

Furthermore, since we are now assuming that "0 does not have stationary points, it is possible 
to integrate by parts in I before applying this stationary phase estimate. This gives 

|/|<T||((i,!,))P||„. 

Interpolating between these two inequalities gives the desired estimate. □ 

The following lemma gives some bounds on pseudo-product operators satisfying certain 
strong integrability conditions: 

Lemma A.2 (Bounds on pseudo-product operators). Assume that m G x M) satisfies 


m{ri,a)e^^'^e^'^‘^ drida A A, 

: F,y 

for some A > 0. Then, for all p,q,r E [1, oo] such that 1/p + 1/q = 1/r one has 

\\Tmif,9)hr<A\\f\\M\L.- 

Moreover, ifl/p+l/q + l/r = l 

f{v)9{(^)h{-V - a)m{p,a)dpda < A\\f\\Lp\\9\\L4HLr. 


(A.3) 


(A.4) 


(A.5) 
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Proof. We rewrite 

/ - <^)m{r],a)dr]da 


= C 


< 


/ f{x)g{y)h{z)K{z-x,z-y)dxdydz 

/r3 

\f{z - x)g{z - y)h{z) \ \K{x,y)\dxdydz, 


K{x,y) := / dgda. 


where 


The desired bound flA.Sp follows easily from flA.Sp . The bilinear estimate flA.4p can be proven 
similarly using a duality argument. □ 

Finally, for the energy estimates, we need the following lemma. 

Lemma A.3. The following commutator estimate holds: 

II PjfW^, < 2(“-i)ia.n;||^^||P,/||^,. 

Proof. Denoting Pj for the Fourier multiplier with symbol 

n ^1^1“"' r. Y o . Y ^ 


X 1 2j I 


2aj 


X 


2i+io 


- X 


2i-io 


observe that 

[\d,r-^d,,P«jw]Pjf{x) = 2“^ [P„P«,YY/ = 2“^'Yx(2^>,P«,YY/ 

= 2 “^' J2%2^{x - y)) [p<<M^) - p^<My)]Pjfiy) dy- 

Thus 

I ^ 2“'^ll^xW^||oo J 2^\x{2^{x-y))\\x-y\\Pjf{y)\dy, 

and the desired result follows by Young’s inequality. 


□ 
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